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Motivation

Motivation

How many Lex-leader constraints to Break Variable Symmetries ?

one constraint for each symmetry
 exponential number of constraints

for injective problems (Alldi�)
 linear number of constraints [Puget 2005]

What about �almost injective� problems ?
Can we determine the number of constraints in the framework of
parametrized complexity ?

Trivial result :
the number of Lex constraints is FPT in the number of symmetries
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Almost injective problems

Almost injective problems

injective : AllDiff constraint

almost injective problem : GCC constraint

A parameter to characterize almost injective problems

µ = maximum number of variables that can be equal simultaneously

injective problem : µ = 0

almost injective problem : µ small

GCC (Global Cardinality Constraint)

number of variables assigned to value v is between lb(v) and ub(v).

µ ≤
∑

v∈D s.t. ub(v)>1 ub(v)
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Almost injective problems

Lex-leader constraints on almost injective problems

Lex constraint for symmetry σ :

xi1 , xi2 , ..,

xi1σ , .., xi2σ , .., xiµσ

≤lex xσ(i1), xσ(i2), ..,

xσ(i1σ), .., xσ(i2σ), .., xσ(iµσ )

injective problem: xi = xσ(i) ⇒ σ(i) = i

xi1σ ≤ xσ(i1σ)

where i
1
σ = �rst index such that i

1
σ 6= σ(i1σ)

one duplicate value:

xi1σ = xσ(i1σ) → xi2σ ≤ xσ(i2σ)

where i
2
σ = 2d index such that i

2
σ 6= σ(i2σ)

µ simultaneous pairs of equal variables:

xi1σ = xσ(i1σ) ∧ . . . ∧ x
i
µ−1
σ

= xσ(iµ−1
σ ) → xiµσ ≤ xσ(iµσ )
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Almost injective problems

Almost injective problems

With no more than µ simultaneous pairs of equal variables Lex
constraint simpli�es to :

xi1σ , xi2σ , . . . , xiµσ ≤lex xσ(i1σ), xσ(i2σ), . . . , xσ(iµσ ) (1)

where i
1
σ , i

2
σ , . . . i

µ
σ are the µ indexes such that σ(i) 6= i .

 number of constraints in O(
(
n

µ

)
) < O(nµ) hence XP in µ
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Almost injective problems

Almost injective problems

If no more than ν variables can take duplicate values:

reorder variables to put them at the end

 number of constraints in O(νµ + n) hence FPT in µ and ν
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Almost injective problems

Heterogeneous domains

Example

if D(x1) ∩ D(x2) = {v} = D(x3) ∩ D(x4) and ub(v) = 3, then Gcc

forbids x1 = x2 and x3 = x4 simultaneously.

Some constraints can be discarded with the GCC
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Almost injective problems

Heterogeneous domains

Before posting constraint
(xi1σ = xσ(i1σ)) ∧ . . . ∧ (x

i
ρ−1
σ

= xσ(iρ−1
σ ))→ xiρσ ≤ xσ(iρσ)

Solve subproblem N ′ =< X ,D,C ′ > with
C ′ = {xi1σ = xσ(i1σ), . . . , xiρ−1

σ
= xσ(iρ−1

σ )} ∪ {Gcc}
Test based on �ow:

1

1

1

x

0,1

0,1

0,1

0,1

0,1

s

lb(v) .. ub(v)

v

Variables Values

xi

j

t
0,1

0,1
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1

0,1

0,1

s

lb(v) .. ub(v)

v

Variables Values

t2

0,2

0,2
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Almost injective problems

Conclusion

Number of Lex constraints to break variable symmetries

XP in µ, where µ is the number of variables simultaneously equal

FPT in µ and ν when at most ν variables are assigned to
duplicated values

test to discard useless constraints

Perspectives :

identify new parameters

apply on graph problems
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